Velocity of Large Drops and Bubbles in
Media of Infinite or Restricted Extent
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A new theory gives a simple method of calculating the terminal velocity of fluid particles
moving in media of either infinite or restricted extent.

Empirical and semiempirical formulas [Equations (27) and (30)] and a graph (Figure 6) over
the interval 0 = d/D = 1.3 are shown to yield satisfactory results for gas or liquid particles
moving in liquid media. In the case of liquid drops falling through gaseous media they give

only a rough approximation.

Graphs showing the variation of the drag coefficient (Figure 1) and the shape (Figure 2)
of fluid particles with the Edtvds number are given. A semiempirical equation for the terminal
velocity of solid spheres in restricted media has also been developed [Equation (24)].

The necessity of studying the mo-
tion of large drops and bubbles in
media of restricted extent has arisen in
connection with an investigation into
the throughput characteristics of
packed liquid-extraction towers. Since
the subject has been inspired by a
special problem of liquid extraction,
the liquid-liquid systems receive prin-
cipal attention; however efforts have
been made to develop a generalized
theory of the behavior of drops and
bubbles.

This paper deals only with drops
and bubbles for which the Reynolds
number is larger than 500. In practice
these large drops and bubbles are by
far the most interesting. The region of
Nz, > 500 is characterized as the one
in which the viscous effects are negligi-
ble. The shape of the fluid particles
may be oblate ellipsoidal (regular or
irregular), spherical cap, or cylindri-
cal.

In the past decade several papers
have been concerned with the motion
of ellipsoidal drops in liquid media of
practically infinite extent (12, 23, 25,
26, 27, 81, 50). A few other papers
have dealt with the movement of
drops in liquid media of more defi-
nitely restricted extent (46, 47, 48).
To the writer’s knowledge no attention
has so far been paid to the motion of
cylindrical drops.

The problem of velocity and be-
havior of liquid drops in gas has also
attracted considerable interest (2, 15,
24, 29). These papers deal only with
droplets moving or suspended in
media of practically unlimited extent.

The most elaborate part of the hy-
drodynamics of fluid particles is that
concerned with the motion of gas bub-
bles in liquids. An excellent review of
the papers published before 1953 on
this subject can be found in a report
by Haberman and Morton (16). Since
that time the motion of ellipsoidal (36,
42, 45), spherical cap-shaped (36,
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45), and cylindrical (28) bubbles was
further studied, and also the effect of
wall proximity on the rise of bubbles
(49). .

From these papers and other sources
it is learned that the small fluid parti-
cles are of spherical or slightly ellipsoi-
dal shape and move in rectilinear
paths. The larger ones assume a more
definite ellipsoidal shape, becoming
more and more distorted and less
definite with increasing size, and move
along zigzag or helical paths, the
amplitude of which decreases with in-
creasing deformation. The quite large
fluid particles have a spherical cap
shape, and their motion is practically
rectilinear. The proximity of the chan-
nel wall reduces the velocity to an ex-
tent which is primarily a function of
the size of the particle and of the
channel (which is generally a circular
tube). If the fluid particle is larger
than the tube, it assumes a cylindrical
shape, and its velocity depends mainly
on the tube diameter.

Observations show that the oscillat-
ing motion of fluid particles moving in
a relatively unrestricted medium ap-
pears around Nz, = 500; thus the ap-
pearance of the zigzagging or spiral-
ling can be regarded as the beginning
of the region of turbulent flow condi-
tions, in which the author’s correlations
are applicable.

VELOCITY IN INFINITE MEDIA

It is a well-known fact that under
turbulent flow conditions the drag co-
efficient of particles of identical shape
is over a wide range practically inde-
pendent of the Reynolds number. In
the case of fluid particles this fact is
however not immediately obvious.
Several reports have been published
(16, 28, 25, 27, 31, 36, 40) which
seem to show that the drag coeflicient
is strongly dependent upon the Rey-
nolds number, but this apparent con-
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tradiction vanishes if one considers
that for fluid particles the variation of
the Reynolds number is generally ac-
companied by variation of the particle
shape and that the drag coeflicient
does depend on the shape of the ob-
ject. It is therefore the shape of the
fluid particle, not the Reynolds num-
ber, that is responsible for the varia-
tion of the drag coefficient in the re-
gion of turbulent flow.

The drag coefficient is generally de-
fined by

F
C =

1
T (1)
2 P
However when one is dealing with the
motion of fluid particles, it is more
convenient to regard the equivalent
diameter of the particle as the charac-
teristic length and to define a new
drag coefficient with the following
equation:

F
- 2
¢ 1 " d’r (2)
2T Ty
If a B factor defined as
\/ A
= 3
B 7 (3)
4

is introduced, then the correlation be-
tween the two kinds of drag coeffi-
cients becomes

C* = gC (4)

From geometric correlations the fol-
lowing expressions can be obtained:
for oblate spheroids

a
B= \/ ™ (3)
for spherical caps
a
b
B - 3 —
3(aYy
Viez(3)
(6)

If the particle is moving with its
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terminal velocity, F = (d'x/6)Apg. A
substitution into Equation (2) thus
gives an expression for the terminal

velocity:
Po
where
4
~ Vigee 8)
or
1 4
AN ()

For spheres 8 = 1, and in infinite
media C,, = 0.44 and K,, = 1.74, as
is well known from various handbooks.
For the time being only the ter-
minal velocity of the particles in in-
finite media will be considered. From
Equations (7), (8), and (9) the fol-
lowing correlations can be obtained:

Cnm

Us

. = \/__C“,, (10)
or
U, ]- Cnne
—_— 1
Uso B8 C, (11)

Since, as mentioned earlier, in the
rgﬂ%ion of turbulent flow the drag co-
efficient depends only on the particle
shape, and since 8 is always a factor
characteristic of the shape, Equation
(11) is an expression of the fact that
the terminal velocity of a fluid particle
can be obtained from that of the
equivalent sphere simply by applying
a factor which is a function solely of
the particle shape; that is,

—:L = ¢. {shape) (12)

[The existence of this correlation was
touched upon by the author in a pre-
vious paper (20).]

In Appendix 1 it is proved, on the
other hand, that the shape of a fluid
particle depends only on a dimension-
less group, called hereafter Eotvos
number. Thus combining Equation
(12) and Equation (41) of Appendix
1 gives

Uy
—— = ¢s(Nx,)

(3

and from Equations (10) and (13)
C*,
C‘@

(13)

[=a @
(14)

It should be noticed however that
the derivation of Equation (41) of
Appendix 1 has been based on a fairly
simplified model. Thus (1) the effect
of finite viscosity of the particles has
been neglected. This may affect the
result both in case of small Eoétvos
numbers, because the circulation inside

- [ b (lNE.,)
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Fig. 1. Variation of drag coefficient with Eotvds number.

the particles is known to depend on
the viscosity of particle (5, 17, 41)
and because the circulation has been
found to reduce the viscous shear,
which in this region contributes in a
larger percentage to the total drag, and
in case of large E6tvis numbers, be-
cause the increasing particle viscosity
exerts an increasing damping on the
shape oscillation and in this way re-
duces the form drag; and (2) the zig-
zagging or spiraling of the particles
which results in an apparent increase
of the drag coefficient has also been
disregarded. It will be seen later that
these side motions of the particles are
caused by a wake reaction and thus
are dependent on the velocity and
other factors influencing the shape of
the wake.

Neglecting these factors has un-
doubtedly been responsible for the
fact that, as will be seen, a u./u,, vs.
Nz, correlation established for liquid
or gas particles moving in liquid media
is only a rough approximation if ap-
plied to liquid droplets falling in gase-
ous media.

An experimental proof of the valid-
ity of Equation (14) for liquid-liquid
systems was given by Licht and Nara-
simhamurty (31), who found that for
lower Eotvos numbers the C*./C,, vs.
Nz, correlation can be approximated
by a straight line. For gas-liquid sys-
tems Haberman and Morton (16)
yielded an indirect proof by plotting
C*. against the Weber number and
showing that the curves representing
widely different systems can thus be
brought close together. In "Appendix 1
it has been pointed out that in the
turbulent region the Eo6tvos and the
Weber numbers are equivalent as vari-
ables.

A fairly rapid variation of the C*./
C.. ratio is expected in the region of
ellipsoidal particle shapes where, as
observations show, the proportions of
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the particles vary markedly with size,
that is with the E¢tvés number. On
the other hand, the dimension ratios
of a spherical cap-shaped particle are
practically independent of size (9,
40); therefore for large Eotvés num-
bers the C*./C.. ratio is expected to
become constant.

Experimental data of several authors
have been used to plot the C*./C..
ratio against the Eo6tvos number in
Figure 1. Although the spread of the
points is considerable, the expected
tendency for variation of the C*./C..
ratio with the E6tvés number is obvi-
ous. C*./C,, values less than unity at
very low Eotvés numbers indicate the
effect of internal circulation. At higher
E6tvos numbers the points for air bub-
bles are somewhat higher than those
for liquid drops, probably because of
the lack of damping effect of particle
viscosity on shape oscillation.

Hu and Kintner (23) derived a cor-
relation which, aceording to this termi-
nology, states that liquid particles mov-
ing in liquid or gaseous media are not
stable and will split up if Ng > 14.2.

" Based on Keith and Hixson’s (26) esti-
mations for liquid-liquid systems the
disintegration takes place in the range
7 < Nz, < 18, For liquid particles fall-
ing through air Merrington and Rich-
ardson (33) have found the range of
splitting up to be 8 < Nz, < 25. So far
there seems to be fair agreement be-
tween the observations. The agreement
suddenly vanishes however if one
completes this brief survey of fluid
particle stability with the case of gas
bubbles rising in liquids. On the basis
of the experimental results of Rosen-
berg (40) and Haberman and Morton
(16) one may even assume that bub-
bles with Eotvis numbers as high as
450 can still be regarded as stable. Ap-
parently the E6tvos number alone does
not provide a satisfactory stability
criterion, Nevertheless it seems proba-
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Fig. 2. Variation of particle shape with Eétvis number.

ble that the liquid drops never reach
the region of spherical cap shape,
which begins approximately at N,
40. In fact no point representing liquid
particles can be found in Figure 1
above Nz, = 21.

The spread of the points in Figure
1 cannot be attributed simply to the
disregarded factors. There are strong
signs that in some instances erroneous
interfacial-tension determinations ac-
count for the discrepancies. In cases
where the spread of points in notice-
able, like the case seen in Figure 1, the
best correlation of the points is the
simplest one. In the range Ny, < 13,
which roughly corresponds to the re-
gion of moderately distorted ellipsoidal
shapes, the approximation of

c*,

= 1.29 Noj*® (Nzo < 13)

(15)
offers certain practical advantages. By
combining it with Equation (10) one
obtains

0

Uy

0.8

N,alll

u'ﬂ
which, after substitution for u,, from
Equation (7) with K,, = 1.74, be-
comes

(16)

gApo

22 )" am

It is seen that if one takes the C*./
C.. ratio proportional to the square
root of the Edtvis number, the particle
diameter is eliminated from the expres-
sion of terminal velocity.

The fact that under turbulent flow
conditions the terminal velocity of
liquid particles moving in liquid media
is practically independent of the parti-
cle size is well known from various
publications (23, 26, 27). The velocity
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Up = 1-53 (

of gaseous particles rising in liquid
media seems to be somewhat more de-
pendent on the particle size; however
Equation (17) still yields satisfactory
predictions if not applied to very small
(Nz, < 1) bubbles. The failure of
Equation (17) in the region of very
low E6tvés numbers is obviously a re-
sult of disregarding the effect of parti-
cle viscosity on the terminal velocity.

In the case of liquid particles falling
through gaseous media the accuracy of
Equation (17) is generally very poor.
The velocity increases with the particle
size throughout the whole region of
turbulent flow, and although Equation

(17) gives a fairly good prediction for
the middle of the region, the deviation
between the measured and calculated
values may be as high as 259 toward
the ends. This discrepancy is not sur-
prising if one considers the markedly
different characteristics of this system
and the average of fifty times higher
values of the terminal velocity.

It is interesting to note that Peebles
and Garber (36) derived a correlation
similar to Equation (17) for the
spherical cap-shaped bubbles. It was
undoubtedly a significant wall effect
which caused them to reach that re-
sult. It will be pointed out later that
for very large bubbles the terminal
velocity depends on the tube diameter
rather than on the bubble size, even
if the d/D ratio is as low as 0.3.

From Equation (18) #,—> o if Ny,
- 0; therefore it might be thought that
the applicability of this equation
should be limited toward low Eoétvis
numbers. With liquid-liquid systems
such limitation is not necessary, since
it is remembered that none of the
given correlations can be used if Ng.
<500, and in this way a lower limit
is automatically imposed on the Eotvos
numbers (approximately Nz, = 0.7).
In the case of gas bubbles however the
use of Equations (16) and (17) is not
recommended for Eo6tvds numbers
lower than 1.0.

It has been mentioned that in the
region of spherical cap-shaped particles
(Ns, > 40) the shape is independent
of the particle size; therefore as ex-
pected, the C*./C,. ratio is a constant
(see Figure 1.) On the basis of the
measurements of Rosenberg (40) and
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Fig. 3. Velocity of falling spheres in restricted media.
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Fig. 4. Velocity of fluid particles in restricted media.

Haberman and Morton (16) the value
of the constant is 2.6/0.44 = 591,
which is reached after a fairly long
transitional region (13 < Nz, < 40) in
which the variation of C*./C., is very
slow.

Applying Equation (10) for the re-
gion of spherical cap-shaped particles,
one gets

Us
—— = 0411 (Nx >40) (18)

in agreement with the observations of
several research workers (9, 16, 38,
40).

SHAPE OF FLUID PARTICLES

If one accepts the general practice
of characterizing the shape of a fluid
particle by the ratio of the horizontal
diameter to the vertical length, then
as an alternative form for Equation
(41) of Appendix 1 one can write

However if one tries to use the data
reported in the literature (1, 2, 12, 16,
26, 27, 31, 40, 45) to plot a/b against
the Eétvés number, a mass of widely
scattered points will result, as shown
in Figure 2. This enormous spread is
undoubtedly due to shape oscillation,
which, as the photographs taken by
Licht and Narasimhamurty (81) show,
may cause the a/b ratio for a given
particle size to vary in a range with an
upper limit three times as large as the
lower limit. Under such conditions a
multitude of photographs are required
to determine the true average shape.

There is however another way of
finding the explicit form of Equation
(19). The wind-tunnel measurements
of Riabouchinsky (24, 89) show that
in the fully turbulent range of flow the
drag coeflicient of an oblate spheroid
can be expressed in the following form:

Cee b Cro
. =1+ (1-2) (F=-1)
—_—— N o 19 o a o
L= (Ne) (19) 50)
TaBLE 1. DIAMETER AND DENsITY OF SPHERES AND LiQuip CoLumns Usep
Spheres Liquid columns
Mate- d, P0s Mate- d, P> Mate- D,  pg
No. rial cm. g./ce: No. rial em.  g./cc. No. rial cem. g./ce.
1 Plasticl 1.571 1.049 8 Plastic2 0.931 1.167 1 Methanol 2.184 0.789
2 Plasticl 1.565 1.053 9 Plastic2 0.934 1.170 2 Carbontetra- 2.202 1.590
chloride
3 Plastic2 1.534 1.184 10 Plastic2 0.929 1.172 3 Water 2.174 0.998
4 Plastic2 1.249 1.171 11 Plastic2 0.937 1.172 4 Methanol 1.264 0.789
5 Plastic2 1.240 1.169 12 Glass 0.634 2.283 5 Carbontetra- 1.248 1.590
chloride
6 Plastic2 1.234 1.176 13 Glass 0.158 2.283 6 Water 1.243 0.998
7 Plastic2 0.935 1.162 14 Steel 0.635 7.948 7 Water 1240 0.998
Alloy
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Owing to the spiraling, zigzagging
motion, shape oscillation, and devia-
tions from the true spheroidal form,
the drag coefficient of a fluid particle

will be expressed as
Cm = ECEm (21)

By combining Equations (4), (20),
and (21) and substituting C,, = 0.44
and Cp, = 1.10, one obtains

Cc*,

= (2.5— 15 -—z-) (22)

Figure 2 is a graphical representa-
tion of this equation. It has been based
on the C*./C,. vs. Ny, correlation
shown in Figure 1 and the following
assumptions:
1. Up to Ng = 15 the fluid particle
is spheroidal [that is, 8 is substituted
from Equation (5)] and ¢ is inde-
pendent of Nz, and equals 1.15.
2. Above Nz, = 40 the particle is
spherical cap shaped [that is, Equa-
tion (6) describes the correlation be-
tween 8 and a/b], and since the mo-
tion is practically rectilinear, ¢ = 1.0.
3. In the range 15 < N, < 40 the
shape gradually changes from spheroid
to spherical cap and e from 1.15 to 1.0.

It is seen that for the spherical-cap
region a/b = 3.85, in good agreement
with Rosenberg’s experimental value
4.02 (40).

EFFECT OF WALL PROXIMITY

Since in practice the extent of the
continuous medium around the moving
fluid particle is always more or less
restricted, it is extremely important to
know the effect of the wall proximity
on the particle. In fact a new variable
enters the problem of particle motion
—the diameter (or equivalent diame-
ter) of the container D. This will re-
sult in the appearance of a new dimen-
sionless variable in Equation (13), and
according to the basic theorem of the
dimensional analysis this new variable
is d/D. The more complete form of
Equation (13) is therefore

()

Uyn

(23)

Since the particles for which Ny, >
0 behave like solid spheres, it seemed
reasonable to start the investigation by
studying the effect of cylindrical wall
on the motion of solid spheres.

Several publications deal with the
velocity (or drag)) of spheres moving
(or suspended) in the axis of a cylin-
drical channel under turbulent flow
conditions (10, 18, 34, 49). In prac-
tice however the spheres rarely move
along the axis of the cylinder; there-
fore the author thought it necessary to
carry out a few experiments with
spheres falling freely in tubes filled
with different liquids.
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Table 1 contains information about
the diameter of spheres and tubes and
the density of the spheres and liquids
used in the experiments. In most cases
the beads of a necklace of unknown
plastic materials (denoted as plastic 1
and plastic 2) were used for spheres
because of their convenient density
and very good sphericity. The hole in
them was partly filled with cement,
accounting for the small spread in
their density.

The time of fall of the spheres was
measured on a 90- or 100-cm. distance
with a stop watch. It was assumed
that after 30 cm. of fall the spheres
closely approached their terminal ve-
locities. The measured velocities
ranged from 0.94 cm./sec. to 83.4
cm./sec.

Points calculated from the experi-
mental results of the author are plotted
in Figure 3. A few other points, deter-
mined from the drag coefficient meas-
urements of McNown and Newlin
(34) for the range 7,000 < N, < 20,-
000, are also shown. It is seen that
part of the points, those representing
the spheres falling in rectilinear or very

steep helical paths, closely follow a
curve, the equation of which is

1-(5)
u, D
Uy a\
\/”(3)
or fo d<05
T 5 .
(4] (3ers)
u,,,~1 ('B 3<05

(25)

(24)

Equation (24) was developed in a
semiempirical way in Appendix 3°.
Many other correlations were also ex-
amined, but none of them could fol-
low the course of those points satisfac-
torily in the whole 0 <d/D< 1 in-
terval.

A considerable number of the
points, representing the badly oscillat-
ing, zigzagging spheres or those not

® Appendix 3 has been deposited as document
6265 with the American Documentation Institute,
Photoduplication Service, Library of Congress,
Washington 25, D. C., and may be obtained for
$1.25 for photoprints or for 35-mm. microfilm.

TABLE 2. SYsTEMS USED FOR STUDYING WALL EFFECT AND
CYLINDRICAL PARTICLE VELOCITY

Continuous Discontinu-

No. phase ous phase

1 Carbon tetrachloride Water

2 Carbon tetrachloride Water

3 Carbon tetrachloride Water

4 Carbon tetrachloride Water

5 Carbon tetrachloride Water

6 Carbon tetrachloride Air

7 Water Benzene

8 Water Benzene

9 ‘Water Benzene

Vol. 6, No. 2

Da Pc: pD) o,

cm. g./cc. g./cc.  dynes/cm.
2.202 1.590 0.998 45.0
2.184 1.590 0.998 450
1.264 1.590 0.998 45.0
1.248 1.590 0.998 45.0
0.765 1.590 0.998 45.0
2.202 1.590 0.001 26.3
2.184 0.998 0.877 35.0
1.264 0.998 0.877 35.0
1.248 0.998 0.877 35.0
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oscillating but rolling down on the
tube wall, are located along a curve
passing about 309% lower (see the
dotted curve of Figure 3) than the
curve of Equation (24). At large d/D
ratios the zigzagging spheres fre-
quently knocked against the tube wall;
probably this fact accounts for the ad-
ditional velocity drop at large d/D
values.

Some spheres started as zigzagging,
but later their paths straightened out.
Points pertaining to such cases lie be-
tween the above-mentioned two curves.

An investigation into the nature and
causes of oscillation was beyond the
scope of this work. However it did not
require too much attention to realize
that the strong zigzagging was caused
by the reaction of the wake, disturbed
by the proximity of wall, on the
spheres. This reaction is obviously less
for fast-moving spheres; therefore the
intensity of oscillation is a function of
the absolute velocity, as well as the
d/D ratio.

No general rule on the behavior of
spheres in the proximity of the wall
can be given. Sometimes even the de-
liberately eccentrically released balls
seemed to steer themselves after a
few oscillations to the axis of the tube.
In other instances the almost concen-
trically dropped spheres turned to the
wall and rolled down on it throughout.

Theoretical considerations, empiri-
cal formulas (18), and observations
(48, 49) equally support the view that
in the region concerned the terminal
velocity reduction caused by the wall
effect is practically independent of the
shape of the particle if the a/D ratio is
used instead of d/D. If one combines
this fact with the observation that in-
creasing d/D ratio increases the de-
formation of fluid particles, as well as
the tendency of zigzagging, and thus
decreases the u/u, ratio beyond that
predicted by Equation (24), then one
can make a rough estimation of the
velocity of fluid particles in media of
restricted extent.

In Figure 4 the variation of the ter-
minal velocity of fluid particles can be
seen with increasing d/D ratio. The
majority of the points represent data
taken from the literature (35, 46, 48,
49). A few other points have been
located on the basis of the author’s
measurements. Systems 2, 3, 5, 7, and
8 of Table 2 were used in the experi-
ments. The values of the surface or
interfacial tension have been taken
from the literature (19, 87).

The particle diameter was calcu-
lated either from the volume measured
in a capillary tube before release or,
in case of droplets issued under quasi-
static conditions, from the orifice diam-
eter by means of Equation (43) of
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Appendix 2. Two orifices were used,
one of 0.353 and the other of 0.487-
cm. diameter.

Whenever available, experimentally
determined values of u, (16, 48, 49)
were used for calculating the wu/u,
ratio. In the rest of the cases u, was
computed by means of Equation (17).

It is seen that up to about d/D ~
0.45 the majority of the points in Fig-
ure 4 lie somewhat below the curve
representing Equation (24) developed
for solid spheres. The decrease of ve-
locity due to the increased zigzagging
tendency in restricted media is ap-
parently much less for fluid particles
than it was for solid spheres. The ex-
planation is probably that in the tur-
bulent range of spheroidal shapes the
fluid particles always keep spiraling or
zi%zagging, even if d/D = 0, but the
solid spheres move smoothly enough in
infinite media.

The plotted points correspond to a
size range of 0.31 < d < 4.45 cm. and
an Eotvos number range of 0.75 < N,
< 519. Because of the considerable
spread of the points the apparently
slight effect of the Eotvés number on
the u/u, ratio cannot be detected from
the figure. From the quality of the cor-
relation found by Uno and Kintner
(49) between u/u, and o on the one
hand and u/u, and D on the other,
one can conclude however that u/u,
does in fact depend on the Eotvos
number. On the basis of a study of
their observations, and of the location
of points in Figure 4, it seems to be a
very plausible assumption that the
lower the Eo6tvés number the nearer
the u/u, vs. d/D curve passes to that
of the solid spheres. This fact is ex-
pressed in the following empirical

equation:
d )‘
. (5
X
L]

© V)
[1_2 N:. (d)”’]

"8 1+N,, \D
(26)

The curve pertaining to Eotvés num-
bers approaching infinity is also shown
in Figure 4 as a dotted line.

Combining Equations (16) and
(26) yields an explicit form for Equa-
tion (23):

(5)
1— (—
u 0.88 D
= X
Usw Nlolll l + ( d )‘
=)
-2 (5)]
8 1+Ns \D
(27)
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Fig. 6. Generalized chart for caiculating the velocity of fluid particles.

which is applicable whenever

—db- < 1.0 for Nsp. =45

d _
D <1-—0.175\/Ny, — 4.5

for 4.5 < N, < 20

% < 0.81 for Ny, =20

(28)
From Figure 4 it can be observed

that above d/D = 0.45 the spread of
the points becomes more and more
noticeable because part of the parti-
cles assume velocities which are no
longer dependent on their size but on
the tube diameter.

CYLINDRICAL BUBBLES AND DROPS

A number of papers (9,11,21, 28,
35) concerned with the description
and velocity of cylindrical bubbles
have been published. The general con-
clusion is that the velocity of cylindri-
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Fig. 7. Comparison of measured and calculated velocities.
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cal bubbles is practically independent
of the bubble volume and can be ex-

pressed as
u=A \/ gaeD
Pe

(29)

where A has been recognized by Du-
mitrescu (I1) as being a function of
the D \/gAp/a group [which in this
notation is identical with (N”g,)**].

To study the variation of A, the ex-
perimental data of the above-men-
tioned authors have been used to plot
A against N”z, in Figure 5. A few
points representing average values of
the writer’s measurements with cylin-
drical drops (so far not studied) and
bubbles are also plotted. The systems
used in these experiments are those de-
noted by numbers 1, 3, 4, 5, 6, 7, 8,
and 9 in Table 2.

The majority of the points follow a
definite course, regardless of whether
they represent gas bubbles or liquid
drops. The best curve through these
points seems to have a horizontal
asymptote of A =0.35.

The points of two systems with con-
tinuous phases of very high viscosity
are located on a different curve which
would probably approach the same
asymptote. It seems therefore that
N”g, is not the only variable on which
A depends; the other variable (or vari-
ables) however plays no significant
part if the viscosity of the continuous
phase is in the common range. The
motion of cylindrical fluid particles in
very viscous continuous phase will not
be discussed further here.

Hattori (21) has defined a critical
tube diameter (corresponding to N7g,
= 3.86) below which the gas bubbles
are no longer capable of moving in the
tube filled with liquid. It is improbable
that such a critical diameter can be
found for liquid-liquid systems because
of the higher tendency of the drops to
wet the tube wall if the velocity is suf-
ficiently low. Around N”;, ~ 5 the re-
producibility of the drop velocities be-
comes generally very poor.

If Equation (29) is rewritten in the

form
u =)\( Nz, )
Uy ay
(—5) 1.74

1
d
D
(30)
one has an explicit form of Equation
(28) for the range of cylindrical fluid
particles. Values taken from the con-
tinuous curve of Figure 5 can be used

for A in Equation (30), which is ap-
plicable if

d _
—=>1—0175VN,, — 45

Yol. 6, No. 2

for 4.5 < Ns, < 20

d
-—5 > 0.31 for NE. ; 20

(1)

An interesting feature of Equation
(80) is that, although it was derived
for cylindrical fluid particles, in the
case of large Eotvos numbers it holds
good even in regions where the parti-
cles are far from being cylindrical.

Figure 6 is a graphical representa-
tion of Equations (27) and (30) over
the appropriate intervals and offers a
quick way for the determination of the
velocity of fluid particles in liquids in
the range 0=d/D =13, which is
most frequently met in practice. Again
it should be emphasized that this
graph must not be used below Nz, =
500, and in the case of gas bubbles it
is not recommended for Ng, < 1.

In Figure 7 the velocities calculated
by the use of the above u/u, vs. d/D
and Nz graph are compared with
those measured by Strom and Kintner
(48) and Uno and Kintner (49). The

Pa

c

Pha

z

Fig. 8. Forces acting on surface of fluid
particles.

systems used in this plot are of widely
different properties. The Eoétvos num-
ber varies between 0.68 and 75, the
d/D ratio between 0.01 and 0.78. The
spread of the points is generally well
within the limits of reproducibility of

the measurements.
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NOTATION
a = herizontal diameter of parti-
cle, cm.

A = a’n/4, area of particle pro-
jected on a horizontal plane,
sq.cm.

b = vertical size of particle, cm.

C = drag coeflicient, dimension-
less

d = spherical diameter, equiva-

A.1.Ch.E. Journal

lent diameter of nonspherical

particle, cm.

tube diameter, cm.

orifice diameter, cm.

drag, g.cm./sec’ (= dyne)

acceleration due to gravity,

981 cm./sec.’

distance from liquid surface,

cm.

factor defined by Equations

(8) and (9), dimensionless

Ni. = gapd'/o, Eétvos number, di-
mensionless

N?p, = gaApD*/o, Eotvés number re-
ferred to tube diameter, di-
mensionless

NP¥,, = gApDy’/s, Eotvos number
referred to orifice diameter,

L]
I T

® = "My

Il

dimensionless

Nz, = uudp./p, Reynolds number,
dimensionless

P = pressure, g./(cm.)(sec’) (=

dynes/sq.cm.)

=
I

u? .
p/ ('Pc —2—> , dimensionless

variable (see Figure 8), cm.
r/d, dimensionless

curvature of particle surface,
cm.

R/d, dimensionless

principal curvatures of parti-
cle surface, cm.

R./d, R./d, respectively, di-
mensionless

terminal velocity, cm./sec.
variable (see Figure 8), cm.
= z/d, dimensionless

Il

I

=
&
o

|
&
il

Rin 8
(]

Greek Letters

o = latitude on the particle sur-
face, dimensionless

B = factor defined by Equation
(3), dimensionless, function
of particle shape

€ = factor defined by Equation
(21), dimensionless, func-
tion of E6tvos number

K = factor defined by Equation

(48), of Appendix 3, di-

mensionless

factor defined by Equation

(29), dimensionless

viscosity, g./cmsec ( =

poise)

density, g./cc.

|po — po|, density difference,

g./cc.

surface tension or interfacial

tension, g./sec’ (= dynes/

cm. )

é, ¢, ¢2, ete. = function

>
Il

.g
i

1
I

q
f

w
s
-3
@
a
3.
h-]
-~
@

atmospheric

of continuous phase

of discontinuous phase
of oblate spheroid
hydrodynamic
hydrostatic

inside

s.ggmuog
| 1|
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g “~NO

98

atz = 0

of circular disk

of sphere

due to wall effect (in Ap-
pendix 3)

in infinite media

due to surface or interfacial
tension

i

Superscripts
%

= area of d?z/4
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APPENDIX 1

The shape of fluid particles is deter-
mined by the forces acting along their
surface. For the sake of simplicity a parti-
cle is examined which, when moving up-
ward with its terminal velocity, is a body
of revolution around the vertical axis, and
its meridian curve is r = r(z) (Figure 8).

The equilibrium of the forces is ex-

pressed by

Pt = Prs + Po + Pra (32)
where
Pi = Pio + ppg3 (33)
Prs = Pa + pegh + pogz (34)
( 1 1) (35)
P=\a &
and under turbulent flow conditions
w
Pra = pe E—pr.a (shape, a) (36)

For z = 0, R, =
thus

Re = Ro, and pra = 1;
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p{o = Pa + Ppgh + + Pec
Ilo 2

Combining Equations (32) to (37) one
has

(l 1 2)
(p: —po)g2 + ¢ ETE R

u2

—_ pc2— [1 ~—_ﬁna(shape, )] =0
(38)

When one uses d as a characteristic
length and the r = r/d, z = z/d, R =
Ro/d, Ri = Ri/d, and Ru = Ru/d dimen-
sionless quantities, the dimensionless form
of Equation (38) becomes

gapd® 1 1 2 1 p.du?
3+ —t ==
o' R R R 2 &

X [1— pra(shape,@)] =0 (39)
After one substitutes __for Rl_and R, ex-
pressions in terms of r and 2 Equation
(39) will be the one which, in _Brinc_iP_l_zz,
can be used for determining the r = r(2)
correlation, that is the shape of the fluid
particle. But instead of getting into a
hopelessly involved trial-and-error calcu-
lation, one should only draw the conclu-
sion that in Equation (39) the following
relationship is expressed:
)-o

( ghpd®  podu’
¢s | shape, ,
o v

(40)

Here the third group is the well-known
Weber number. The second group can
be recognized as a dimensionless form of
the Laplace constant and plays an impor-
tant part in such problems as the quasi-
static bubble formation [see (I3, 32,
44)], the formation of droplets among
packing elements (30) or by breza:kup of
jets (6), and the inception of internal
circulation in liquid particles (3, 4, 8, 14,
43). It is suggested that this group be
called Edtvds number.

A substitution for u from Equations (7)
and (9) indicates however that in the tur-
bulent region at a given particle shape
and Eotvos number the Weber group does
not impose an additional restriction on
Equation (39), so that the shape of fluid
particles moving in infinite media depends
solely on the Eotvds group:

shape = ¢ (Nzo)

APPENDIX 2

On the basis of Siemes’s study (44) on
quasistatic bubble formation the following
equation can be developed:

(41)

Ne' _ o16 (42
NDNEn
or, if solved for d
3
D
d= 1.67J A"” (43)

g

The validity of this equation for liquid-
liquid systems can-be proved by the ap-
plication of Hayworth and Treybal’s cor-
relation (22) to very slowly forming
droplets.
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